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THE (glm, gln) DUALITY IN THE QUANTUM TOROIDAL SETTING
B. FEIGIN, M. JIMBO, AND E. MUKHIN
Abstract. On a Fock space constructed from mn free bosons and lattice Zmn, we give a level
n action of the quantum toroidal algebra Em associated to glm, together with a level m action
of the quantum toroidal algebra En associated to gln. We prove that the Em transfer matrices
commute with the En transfer matrices after an appropriate identification of parameters.
1. Introduction
Duality of integrable systems is a very interesting, deep, and somewhat mysterious phenom-
enon which is being intensively explored.
The simplest example is the (glm, gln) duality of Gaudin systems. Recall that for any reduc-
tive Lie algebra g, and any g weight p ∈ h∗, there exists a remarkable commutative subalgebra
B(p) ⊂ U(g[x]) called the algebra of higher Gaudin Hamiltonians. Here g[x] = g⊗ C[x] is the
current algebra, and h ⊂ g is the Cartan subalegbra. The algebra B(p) can be obtained using
structures of conformal field theory and the so-called “center on the critical level”, see [FFR].
Let Vk be the vector representation of glk. Then, by the classical construction, we have
commuting actions of glm and gln in the spaces S
∗(Vm ⊗ Vn) and ∧∗(Vm ⊗ Vn). These actions
can be extended to the actions of glm[x] and gln[x] such that Vm ⊗ Vn = ⊕ni=1Vm(ui) as glm[x]
module and Vm⊗ Vn = ⊕mj=1Vn(uˇj) as gln[x] module. Here ui, uˇj ∈ C are arbitrary parameters,
and Vm(ui), Vn(uˇj) are glm[x] and gln[x] evaluation modules, respectively. The actions of glm[x]
and gln[x] do not commute.
The parameters {ui} canonically determine a gln weight pˇ ∈ (hn)∗, while the parameters
{uˇj} canonically determine a glm weight p ∈ (hm)∗. It turns out that the two commutative
subalgebras of higher Gaudin Hamiltonians B(p) ⊂ U(glm[x]) and B(pˇ) ⊂ U(gln[x]) commute
with each other, see [MTV]. Moreover, these subalgebras coincide and one can write explicitly
glm higher Gaudin Hamiltonians in terms of gln higher Gaudin Hamiltonians and vice versa.
The spectrum of the Gaudin model is found by the Bethe ansatz method. The duality
described above gives a correspondence between solutions of the Bethe ansatz equations for
glm and gln models which can also be described via an appropriate Fourier transform related
to the bispectral involution for rational solutions of the KP hierarchy, see [MTV1].
In [MTV2], a similar duality is described on the level of the Bethe ansatz equations between
the trigonometric glm Gaudin model and the XXX gln model (related to Yangians). It is
expected that the (glm, gln) duality can be lifted to the duality of the XXZ models (related to
quantum affine algebras).
Another example, which motivated this paper, is a duality between local and non-local inte-
grals of motion in the quantum KdV system [BLZ]–[BLZ2]. Consider the free vertex operator
algebra generated by one field h(z) =
∑
i∈Z hiz
−i, where {hi} are generators of the Heisenberg
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algebra satisfying [hi, hj] = iδi,−j. The local integrals of motion are given by integrals of the
form
∫
T2n(z)
dz
z
, n ∈ Z≥0, where T2n(z) are local currents. For example T2(z) is the Virasoro
current T2(z) =
1
2
: h(z)2 : +λh′(z), λ ∈ C, T4(z) =: T2(z)2 :, and so on.
Non-local integrals of motion are multiple integrals of vertex operators. For example, the
first one has the form
∫∫
S1(z)S2(w)
dz
z
dw
w
, where S1(z), S2(w) are vertex operators, the second
non-local integral of motion is a four-fold integral, and so forth.
In the KdV case local and non-local integrals look very different, but they mutually commute.
Understanding the situation with Bethe ansatz and the correspondence between the spectra of
local and non-local integrals of motion is still far from complete.
There are many integrable systems of KdV type. Conjecturally, it is possible to find local
and non-local integrals of motion in almost all W algebras, in the universal enveloping algebras
of affine Kac-Moody Lie algebras (including superalgebras), and in coset vertex algebras.
In the (glm, gln) duality mentioned above, the two sets of integrals in duality are given by
the same construction. In contrast, in the case of vertex operator algebras, the constructions
of local and non-local integrals of motion are very different. The situation can be explained if
we consider quantum versions.
In [FKSW], [KS], “local” and “non-local” integrals of motion are constructed inside certain
deformed W algebras: the quantum toroidal gl1 and gln algebras, see [FJM]. Both are given by
similar multiple integrals (hence they are both non-local). In the conformal limit the deformed
W algebras turn into vertex operator algebras, and the two sets of integrals of motion become
different looking local and non-local integrals of motion. Moreover, the same deformed W
algebras admit alternative conformal limits where the situation is reversed: “local” integrals of
motion become non-local and “non-local” ones become local.
In this paper we study a quantum affine analog of the (glm, gln) duality.
Let Ek = Ek(q1, q2, q3) be the quantum toroidal algebra of type glk, where k ∈ Z≥1 and
q1, q2, q3 ∈ C are parameters satisfying q1q2q3 = 1. For the definition, see Appendix A. The
quantum toroidal algebra has a vertical subalgebra isomorphic to the quantum affine algebra
Uqĝlk ⊂ Ek where q2 = q2. Inside a completion E˜k of Ek one has a commutative algebra of
transfer matrices B̂q(p), which we call the Bethe algebra of integrals of motion. The Bethe
algebra of integrals of motion depends on an affine weight p ∈ (hˆk)∗, see [FJMM] and Subsection
4.2 below.
We consider mn free bosons and a lattice Zmn, where m,n ∈ Z≥1. We use the vertex operator
construction of [Sa] to define actions of Em(q1, q2, q3) of level n and of En(qˇ1, q2, qˇ3) of level m
on the total Fock space Fm,n. The actions depend on parameters u1, . . . , un and uˇ1, . . . , uˇm,
respectively1.
Then the actions of vertical subalgebras Uqĝlm and Uqĝln commute. The total Fock space
Fm,n as a Uqĝlm module is a direct sum of various products of n integrable irreducible level one
modules. As Em(q1, q2, q3) modules those products also become tensor products of irreducible
modules with spectral parameters, see Lemma 3.4. Similarly, as a Uqĝln module Fm,n is a direct
sum of various products of m integrable irreducible level one modules which are irreducible
En(qˇ1, q2, qˇ3) modules with spectral parameters.
1In the main text we use notation u0 = un and uˇ0 = uˇm.
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Next, we consider Bethe algebras. The new feature is that, while the parameters {uˇj}
determine finite-dimensional part of the affine weight p ∈ (hˆm)∗, the parameter qˇ1 determines
the “loop direction” of the latter. Similarly the dual affine weight pˇ ∈ (hˆn)∗ is determined
from {ui} and q1. Then we prove that the corresponding Bethe algebras B̂q(p) ⊂ E˜m and
B̂q(pˇ) ⊂ E˜n mutually commute, see Theorem 4.2.
The action of integrals of motion in Fm,n is given by multiple integrals described in [FJM],
see also Proposition 4.1 below. The integrals of motion of [FKSW], [KS] can be recovered in
the case of m = 1.
The spectrum of Bethe algebra of integrals of motion is expected to be given by Bethe ansatz
method. For the case of E1 it is proved in [FJMM1], [FJMM2]. For the case of E2 the precise
statement is conjectured in [FJM]. Therefore, the duality described in this paper suggests a
correspondence of solutions of two different Bethe ansatz equations. It would be interesting to
understand this correspondence.
The KdV nonlocal and local integrals of motion are expected to be related to coefficients of
expansions of the same function at zero and infinity respectively, see formulas (55) and (66) in
[BLZ]. It is an important problem to find and to prove a similar relation between integrals of
motion corresponding to En and Em.
Also it would be interesting to study the various limits of the duality described in this paper.
From the technical point of view, our proof of duality is purely computational, following the
lines of [FKSW],[KS]. To give a more conceptual explanation to the duality phenomena is an
issue left for the future.
The plan of the paper is as follows.
In Section 2 we collect preliminary materials concerning the bosons and the total Fock space
Fm,n. In Section 3 we define actions of two quantum toroidal algebras Em = Em(q1, q2, q3) and
Eˇn = En(qˇ1.q2, qˇ3) on Fm,n, and state the commutativity of the quantum affine subalgebras
Uqĝlm and Uqĝln (Theorem 3.6). In Section 4 we introduce integrals of motion associated with
Em and Eˇn. We then state the main theorem concerning their commutativity (Theorem 4.2).
The text is followed by four appendices. In Appendix A we give the presentation of the
quantum toroidal algebra Em. In Appendix B, contractions of various currents are summarized
in tables. The commutativity of the quantum affine subalgebras Uqĝlm and Uqĝln is proved in
Appendix C. Proof of the duality is given in Appendix D.
Notation. Throughout the text we fix parameters q, d, dˇ ∈ C× and define
q1 = q
−1d , q2 = q
2 , q3 = q
−1d−1 ,
qˇ1 = q
−1dˇ , qˇ2 = q
2 , qˇ3 = q
−1dˇ−1 ,
so that q2 = qˇ2, q1q2q3 = qˇ1qˇ2qˇ3 = 1. We assume that (q1, q2, q3) are generic, in the sense that
if qi1q
j
2q
k
3 = 1 for i, j, k ∈ Z, then i = j = k. We assume the same for (qˇ1, qˇ2, qˇ3).
We use symbols for ordered product
y∏
1≤i≤N
Ai = A1A2 · · ·AN ,
x∏
1≤i≤N
Ai = ANAN−1 · · ·A1
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and infinite products
(z1, . . . , zr; p)∞ =
r∏
i=1
∞∏
k=0
(1− zipk) , Θp(z) = (z, pz−1, p; p)∞ .
We set θ(P ) = 1 if statement P is true and θ(P ) = 0 otherwise. For a positive integer N , we
write δ
(N)
i,k = θ
(
i ≡ k mod N).
2. Preliminaries
In this section we collect preliminary materials which will be used to construct representations
of algebras Em and Eˇn in Section 3.
2.1. Total Fock space. Let m,n be positive integers. We introduce a set of bosons {ai,jr | r ∈
Z \ {0}, 0 ≤ i ≤ m− 1, 0 ≤ j ≤ n− 1} such that
[ai,jr , a
k,l
s ] = δi,kδj,lδr+s,0
[r]2
r
,(2.1)
where [x] = (qx − q−x)/(q − q−1).
Consider a vector space with basis {|m〉} labeled by m = (ms,t) 0≤s≤m−1
0≤t≤n−1
∈ Zmn. We define
linear operators e±ǫi,j , ∂i,j by setting
e±ǫi,j |m〉 = (−1)
∑i−1
s=0
∑n−1
t=0 ms,t+
∑j−1
t=0 mi,t |m± 1i,j〉 ,
∂i,j |m〉 = mi,j|m〉 ,
where 1i,j = (δisδjt). We have then
eǫi,jeǫk,l = −eǫk,leǫi,j if (i, j) 6= (k, l),
|m〉 =
y∏
0≤i≤m−1
y∏
0≤j≤n−1
emi,jǫi,j |0〉 = em0,0ǫ0,0 · · · emm−1,n−1ǫm−1,n−1 |0〉 .
Define the total Fock space by
Fm,n = C[{ai,j−r} r>0,0≤i≤m−1
0≤j≤n−1
]⊗
( ⊕
m∈Zmn
C|m〉
)
.
We write the operators ai,j±r ⊗ id, id⊗ eǫi,j , id⊗ ∂i,j on Fm,n simply as ai,j±r, eǫi,j , ∂i,j. We extend
the range of the superfixes i, j to Z by demanding periodicity ai,jr = a
i+m,j
r = a
i,j+n
r , and likewise
for eǫi,j , ∂i,j .
The space Fm,n carries a Z grading with the degree assignment
deg(ai1,j1−r1 · · · aiN ,jN−rN |m〉) =
N∑
l=1
rl +
1
2
∑
s,t
m2s,t .
For a polynomial X in the oscillators ai,jr (r 6= 0) and the ‘zero mode’ operators eǫi,j , ∂i,j , we
shall use the normal ordering symbol :X :. The rule is as usual; ai,jr with r > 0 (resp. r < 0)
are placed to the right (resp. left), and ∂i,j are placed to the right of e
ǫk,l. The ordering of the
eǫk,l’s is kept unchanged, so that : eǫk1,l1 · · · eǫkr,lr := eǫk1,l1 · · · eǫkr,lr .
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2.2. Bosons bi,jr . We introduce auxiliary bosons b
i,j
±r, bˇ
i,j
±r by setting
bi,jr = q
r(qr3a
i−1,j
r − ai,jr ) , bi,j−r = qr1ai−1,j−r − ai,j−r ,(2.2)
bˇi,jr = −qr(qˇ r3 ai,j−1r − ai,jr ) , bˇi,j−r = −(qˇ r1 ai,j−1−r − ai,j−r) ,(2.3)
for r > 0. They are subject to linear relations
bi,jr + bˇ
i,j
r = qˇ
r
3 b
i,j−1
r + q
r
3 bˇ
i−1,j
r ,(2.4)
bi,j−r + bˇ
i,j
−r = qˇ
r
1 b
i,j−1
−r + q
r
1 bˇ
i−1,j
−r .(2.5)
Commutation relations of these bosons are obtained from (2.1).
Lemma 2.1. The bosons (2.2)–(2.3) satisfy the commutation relations
[bi,jr , b
k,l
−r] =
[r]2
r
qr
(
(1 + q−r2 )δ
(m)
i,k − qr1δ(m)i+1,k − qr3δ(m)i−1,k
)
δ
(n)
j,l ,(2.6)
[bˇi,jr , bˇ
k,l
−r] =
[r]2
r
qrδ
(m)
i,k
(
(1 + q−r2 )δ
(n)
j,l − qˇr1δ(n)j,l−1 − qˇr3δ(n)j,l+1
)
,(2.7)
[bi,jr , bˇ
k,l
−r] = −
[r]2
r
qr
(
qr3δ
(m)
i−1,k − δ(m)i,k
)(
qˇr1δ
(n)
j,l−1 − δ(n)j,l
)
,(2.8)
[bˇk,lr , b
i,j
−r] = −
[r]2
r
qr
(
qr1δ
(m)
i−1,k − δ(m)i,k
)(
qˇr3δ
(n)
j,l−1 − δ(n)j,l
)
.(2.9)

We shall also use currents Ai,j(z), Bi,j(z), Aˇi,j(z), Bˇi,j(z). These are formal series of the form
X(z) =
∑
r 6=0Xrz
−r, whose Fourier coefficients Xr are given in terms of b
i,j
±r, bˇ
i,j
±r as follows.
Ai,jr = −
1
[r]
q−(n−1)rqˇ−jr3 b
i,j
r , A
i,j
−r =
1
[r]
q(n−2)r
(
qˇjr3 b
i,j
−r + (1− qr2)
n−1∑
t=j+1
qˇtr3 b
i,t
−r
)
,(2.10)
Bi,jr =
1
[r]
qr
(
qˇjr1 b
i,j
r + (1− q−r2 )
j−1∑
t=0
qˇtr1 b
i,t
r
)
, Bi,j−r = −
1
[r]
qˇ−jr1 b
i,j
−r ,(2.11)
Aˇi,jr = −
1
[r]
q−(m−1)rq−ir3 bˇ
i,j
r , Aˇ
i,j
−r =
1
[r]
q(m−2)r
(
qir3 bˇ
i,j
−r + (1− qr2)
m−1∑
s=i+1
qsr3 bˇ
s,j
−r
)
,(2.12)
Bˇi,jr =
1
[r]
qr
(
qir1 bˇ
i,j
r + (1− q−r2 )
i−1∑
s=0
qsr1 bˇ
s,j
r
)
, Bˇi,j−r = −
1
[r]
q−ir1 bˇ
i,j
−r .(2.13)
Here 0 ≤ i ≤ m− 1, 0 ≤ j ≤ n− 1 and r > 0.
3. Fock representation
We consider two quantum toroidal algebras in parallel: algebra Em = Em(q1, q2, q3) with
parameters q1, q2, q3, and algebra Eˇn = Eˇn(qˇ1, q2, qˇ3) with parameters qˇ1, q2, qˇ3. Our convention
about quantum toroidal algebras is summarized in Appendix A. We say that an Em module
has level n if the central element C acts as a scalar qn. In this section, we introduce a level n
action of Em and a level m action of Eˇn on the same total Fock space Fm,n; see Propositions
3.3 and 3.5 below.
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3.1. Level one representations. We begin with the case n = 1, considering a level one
action of Em on Fm,1. Apart from minor modification, the following result is due to [Sa] (see
also [STU]).
Proposition 3.1. Let u ∈ C×. The following formulas give a level one representation of Em
on Fm,1:
qεi = q∂i,0 , C = q , D = qdeg , Hi,r = b
i,0
r , Hi,−r = b
i,0
−r ,
Ei(z) = u
−δi,0 : eA
i,0(z) : U i,0(z) , Fi(z) = u
δi,0 : eB
i,0(z) : V i,0(z) .
Here 0 ≤ i ≤ m−1, r > 0, the bosons bi,0±r and the currents Ai,0(z), Bi,0(z) are those with n = 1,
and
U i,0(z) = e−ǫi,0eǫi−1,0z∂i−1,0−∂i,0+1d(∂i−1,0+∂i,0)/2 ,
V i,0(z) = e−ǫi−1,0eǫi,0z−∂i−1,0+∂i,0+1d−(∂i−1,0+∂i,0)/2 .

We write the level one Em module given above as Fm,1(u).
For u ∈ C×, ν ∈ Z/mZ and t, s ∈ Z, let F(ν)m (u; t, s) denote the level one irreducible Em
module such that (i) it has highest weight (P0(z), . . . , Pm−1(z)) where
Pi(z) = 1 (i 6= ν), Pν(z) = q1− q
−1
2 u/z
1− u/z ,
(see Appendix A for the definition of highest weight), (ii) the highest weight vector has degree
t, and (iii) the central element q
∑m−1
i=0 εi acts as a scalar qs.
Lemma 3.2. We have a decomposition into submodules
Fm,1(u) =
⊕
s∈Z
F
(ν)
m (u
(s); t(s), s) ,
where s = ml + ν (l ∈ Z, 0 ≤ ν ≤ m− 1), and
u(s) = (−)md−s−m/2qu , t(s) = ν
2
(l + 1)2 +
m− ν
2
l2 .
The submodule F
(ν)
m (u(s); t(s), s) is generated by a highest weight vector
v(s) = |
ν︷ ︸︸ ︷
l + 1, . . . , l + 1, l, . . . , l〉 .

3.2. Higher level representations. For general n ≥ 1, we identify the vector space Fm,n
with the tensor product
Fm,1(u0)⊗ · · · ⊗ Fm,1(un−1) .
We give it an Em module structure via the iterated coproduct ∆
(n−1) (see Appendix A for the
definition of ∆). For convenience we further gauge transform the action of x ∈ Em as
∆(n−1)x→ dZ(∆(n−1)x)d−Z , Z = −1
2
m−1∑
s=0
∑
0≤t6=t′≤n−1
(
s+
1
2
)
∂s,t∂s,t′ .(3.1)
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We set further
ei =
n−1∑
t=0
∂i,t , eˇj = −
m−1∑
s=0
∂s,j .
Identifying 1⊗· · ·⊗bi,0±r⊗· · ·⊗1 with d±jrbi,j±r, we obtain formulas for the action of generators
of Em, which we summarize below.
Proposition 3.3. Let m ≥ 2, n ≥ 1, u0, . . . , un−1 ∈ C×. The following formulas give a level n
action of Em on Fm,n:
qεi = qei , C = qn , D = qdeg ,(3.2)
Hi,r =
n−1∑
j=0
qˇjr1 b
i,j
r , Hi,−r =
n−1∑
j=0
q(n−1)r qˇjr3 b
i,j
−r ,(3.3)
Ei(z) =
n−1∑
j=0
u
−δi,0
j E
i,j(z) , Ei,j(z) =: eA
i,j(z) : U i,j(z) ,(3.4)
Fi(z) =
n−1∑
j=0
u
δi,0
j F
i,j(z) , F i,j(z) =: eB
i,j (z) : V i,j(z) .(3.5)
where 0 ≤ i ≤ m− 1, 0 ≤ l ≤ n− 1 and r > 0. We set for 1 ≤ i ≤ m− 1
U i,j(z) = e−ǫi,jeǫi−1,j (qn−1−jz)∂i−1,j−∂i,j+1(3.6)
× d(1/2−i)ei−1+(1/2+i)ei+i(∂i−1,j−∂i,j)q−
∑n−1
t=j+1(∂i−1,t−∂i,t) ,
V i,j(z) = e−ǫi−1,jeǫi,j(qjz)−∂i−1,j+∂i,j+1(3.7)
× d−(1/2−i)ei−1−(1/2+i)ei−i(∂i−1,j−∂i,j)q
∑j−1
t=0 (∂i−1,t−∂i,t) ,
and for i = 0
U0,j(z) = e−ǫ0,jeǫm−1,j (qn−1−jz)∂m−1,j−∂0,j+1(3.8)
× d(1/2−m)em−1+(1/2)e0+m∂m−1,j × q−
∑n−1
t=j+1(∂m−1,t−∂0,t)
V 0,j(z) = e−ǫm−1,jeǫ0,j (qjz)−∂m−1,j+∂0,j+1(3.9)
× d−(1/2−m)em−1−(1/2)e0−m∂m−1,j × q
∑j−1
t=0 (∂m−1,t−∂0,t) .

Denote this module by Fm,n(u0, . . . , un−1). From Lemma 3.2, we obtain the following.
Lemma 3.4. We have a decomposition into submodules
Fm,n(u0, . . . , un−1) =
⊕
s0,...,sn−1∈Z
F
(ν0)
m (u
(s0)
0 ; t
(s0), s0)⊗ · · · ⊗ F(νn−1)m (u(sn−1)n−1 ; t(sn−1), sn−1) ,
where sj = mlj + νj (lj ∈ Z, 0 ≤ νj ≤ m− 1), and
u
(sj)
j = (−)md−sj−m/2quj , t(sj) =
νj
2
(lj + 1)
2 +
m− νj
2
l2j .
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
We remark that Proposition 3.3 holds true also for m = 1 with the modification
E0(z) = a
−1
n−1∑
j=0
u−1j : e
A0,j(z) : d∂0,j , F0(z) = b
−1
n−1∑
j=0
uj : e
B0,j (z) : d−∂0,j ,
with ab = q(1− q1)(1− q3). In this paper we restrict ourselves to the case m ≥ 2.
3.3. Representations of Eˇn. In a similar manner we can write a representation of Eˇn on the
same Fock space. We write the generators of Eˇn with checks, as Eˇi(z), Fˇi(z), Kˇ
±
i (z) and so
forth.
Proposition 3.5. Let n ≥ 2, m ≥ 1, uˇ0, . . . , uˇm−1 ∈ C×. The following formulas give a level
m action of Eˇn on Fm,n:
qεˇj = qeˇj , Cˇ = qm , Dˇ = qdeg ,(3.10)
Hˇj,r =
m−1∑
i=0
q−ir3 bˇ
i,j
r , Hˇj,−r =
m−1∑
i=0
q−(m−1)rq−ir1 bˇ
i,j
−r ,(3.11)
Eˇj(z) =
m−1∑
i=0
uˇ
−δj,0
i Eˇ
i,j(z) , Eˇi,j(z) =: eAˇ
i,j(z) : Uˇ i,j(z) ,(3.12)
Fˇj(z) =
m−1∑
i=0
uˇ
δj,0
i Fˇ
i,j(z) , Fˇ i,j(z) =: eBˇ
i,j(z) : Vˇ i,j(z) .(3.13)
where 0 ≤ i ≤ m− 1, 0 ≤ j ≤ n− 1 and r > 0. We set for 1 ≤ j ≤ n− 1
Uˇ i,j(z) = eǫi,je−ǫi,j−1(qm−1−iz)−∂i,j−1+∂i,j+1(3.14)
× dˇ(1/2−j)eˇj−1+(1/2+j)eˇj−j(∂i,j−1−∂i,j)q
∑m−1
s=i+1(∂s,j−1−∂s,j) ,
Vˇ i,j(z) = eǫi,j−1e−ǫi,j(qiz)∂i,j−1−∂i,j+1(3.15)
× dˇ−(1/2−j)eˇj−1−(1/2+j)eˇj+j(∂i,j−1−∂i,j)q−
∑i−1
s=0(∂s,j−1−∂s,j) ,
and for j = 0
Uˇ i,0(z) = eǫi,0e−ǫi,n−1(qm−1−iz)−∂i,n−1+∂i,0+1(3.16)
× dˇ(1/2−n)eˇn−1+(1/2)eˇ0−n∂i,n−1q
∑m−1
s=i+1(∂s,n−1−∂s,0) ,
Vˇ i,0(z) = eǫi,n−1e−ǫi,0(qiz)∂i,n−1−∂i,0+1(3.17)
× dˇ−(1/2−n)eˇn−1−(1/2)eˇ0+n∂i,n−1q−
∑i−1
s=0(∂s,n−1−∂s,0) .

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3.4. Quantum affine subalgebras. Recall that we have a vertical subalgebra Um ⊂ Em
isomorphic to the quantum affine algebra Uqĝlm generated by the currents Ei(z), Fi(z), 1 ≤ i ≤
m − 1, and D. We also have the vertical subalgebra Uˇn ⊂ Eˇn generated by Eˇi(z), Fˇi(z) with
1 ≤ i ≤ n− 1, and Dˇ.
Theorem 3.6. On the total Fock space Fm,n, the action of the vertical subalgebras Um and Uˇn
mutually commute. 
Theorem 3.6 will be proved in Appendix C. The picture is summarized in Fig. 1.
Em(q1, q2, q3) En(q
∨
1 , q2, q
∨
3 )⋃ ⋃
Uqĝlm
level n
''
Fmn Uqĝln
level m
vv
Figure 1. Commuting actions of quantum affine algebras. The corresponding
toroidal actions do not commute.
The Fock space F
(ν)
m (u; t, s) can be constructed as a semi-infinite wedge product of level zero
vector representations, see [FJMM3]. The usual (glm, gln) duality uses either symmetric or
skew-symmetric powers of vector representations. Therefore, it is natural to think that our
construction is a quantum affine analog of the latter.
4. (Em, Eˇn) duality
In this section, we present integrals of motion associated with quantum toroidal algebras Em
and Eˇn following [FJM]. We then state the duality.
4.1. Dressed currents. Recall that we deal with algebras Em = Em(q1, q2, q3) and E
∨
n =
En(qˇ1, q2, qˇ3) where q1, q2, qˇ1 are independent parameters. We set
p = qˇn1 , p
∗ = qˇ−n3 , pˇ = q
m
1 , pˇ
∗ = q−m3 .(4.1)
We assume that |p|, |p∗|, |pˇ|, |pˇ∗| < 1.
Introduce the dressed currents
Ei(z) = K
−
i (z)
−1Ei(z) , K
−
i (z) =
∏
l≥0
K¯−i (p
∗lz) ,(4.2)
Fi(z) = Fi(z)K
+
i (z)
−1 , K+i (z) =
∏
l≥0
K¯+i (p
−lz) ,(4.3)
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where K¯±i (z) = (Ki)
∓1K±i (z), see (A.2). They are given respectively by formulas (3.4) and
(3.5), replacing Ai,j(z), Bi,j(z) by the currents Ai,j(z), Bi,j(z) with Fourier coefficients
Ai,jr = −
1
[r]
q−(n−1)r qˇ−jr3 b
i,j
r , A
i,j
−r =
1
[r]
q(n−2)r qˇjr3
(
bi,j−r −
1− qr2
1− p∗r
n−1∑
t=0
qˇ−tr3 b
i,j−t
−r
)
,(4.4)
Bi,jr =
1
[r]
qrqˇjr1
(
bi,jr −
1− q−r2
1− pr
n−1∑
t=0
qˇtr1 b
i,j+t
r
)
, Bi,j−r = −
1
[r]
qˇ−jr1 b
i,j
−r .(4.5)
The dual counterparts are
Eˇi(z) = Kˇ
−
i (z)
−1Eˇi(z) , Kˇ
−
i (z) =
∏
l≥0
ˇ¯K−i (pˇ
∗)lz) ,(4.6)
Fˇi(z) = Fˇi(z)Kˇ
+
i (z)
−1 , Kˇ+i (z) =
∏
l≥0
ˇ¯K+i (pˇ
−lz) ,(4.7)
with
Aˇi,jr = −
1
[r]
q−(m−1)rq−ir3 bˇ
i,j
r , Aˇ
i,j
−r =
1
[r]
q(m−2)rqir3
(
bˇi,j−r −
1− qr2
1− pˇ∗r
m−1∑
s=0
q−sr3 bˇ
i−s,j
−r
)
,(4.8)
Bˇi,jr =
1
[r]
qrqir1
(
bˇi,jr −
1− q−r2
1− pˇr
m−1∑
s=0
qsr1 bˇ
i+s,j
r
)
, Bˇi,j−r = −
1
[r]
q−ir1 bˇ
i,j
−r .(4.9)
The currents Ai,j(z),Bi,j(z) are m-periodic in i, whereas Aˇi,j(z), Bˇi,j(z) are n-periodic in j.
They are quasi-periodic with respect to the other index,
Ai,j−n(z) = Ai,j(p∗z) , Bi,j−n(z) = Bi,j(pz) ,(4.10)
Aˇi−m,j(z) = Aˇi,j(pˇ∗z) , Bˇi−m,j(z) = Bˇi,j(pˇz) .(4.11)
4.2. Integrals of motion. Elliptic deformation of integrals of motion in CFT were constructed
in [FKSW], [FKSW1], [KS] as operators acting on Fock spaces. In [FJM] they were identified
with Taylor coefficients of transfer matrices associated with quantum toroidal algebras. Let us
briefly recall this.
We introduce parameters p¯, p¯1, . . . , p¯m−1 and set
p = p¯q−n, p∗ = p¯qn , pi = p¯iq
−εi−1+εi , p∗i = p¯iq
εi−1−εi ,(4.12)
p = (p, p1, . . . , pm−1) , p
∗ = (p∗, p∗1, . . . , p
∗
m−1) ,(4.13)
where p, p∗ are those in (4.1).
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Let R be the universal R matrix of Em corresponding to the coproduct ∆ in Appendix A.
Transfer matrices are weighted traces over F(µ)(u) = F
(µ)
m (u; 0, 0),
Tµ(u;p) = TrF(µ)(u),1
((
p¯d
n−1∏
i=1
p¯−Λ¯ii
)
1
R12
)
qd ,(4.14)
T∗µ(u;p
∗) = TrF(µ)(u),1
((
p¯d
n−1∏
i=1
p¯−Λ¯ii
)
1
R
−1
21
)
q−d .(4.15)
Here we set D = qd, Λ¯i = ε1 + · · · + εi, the suffixes 1, 2 refer to the tensor components and
trace is taken on the first component.
The transfer matrices (4.14), (4.15) are formal series in u∓1. Integrals of motion are defined
as their coefficients (up to some normalization constants cN , c
∗
N which are irrelevant here, see
[FJM] for the explicit formulas in cases of m = 1, 2).
Tµ(u;p) =
∞∑
M=0
u−McMGµ,M (p) , T
∗
µ(u;p
∗) =
∞∑
M=0
uMc∗M ·G∗µ,M (p∗) .
We call Gµ,M(p), G
∗
µ,M(p
∗) integrals of motion of the first and the second kind, respectively.
In order to write explicit formulas for them, we prepare some symbols.
Let ϑ
(m)
µ denote the theta function associated with the root lattice Q¯(m) of slm:
ϑ(m)µ (z1, . . . , zm;p) =
∑
β∈Q¯(m)+Λ¯µ
p(β,β)/2
m−1∏
s=1
p−(β,Λ¯s)s
m∏
i=1
z
(β,α¯i)
i .
Define functions hµ,M , h
∗
µ,M by
hµ,M(x1,1, . . . , x1,M , . . . , xm,1, . . . , xm,M ;p)(4.16)
=
∏m
i=1
∏
a<bΘp(xi,b/xi,a, q2xi,b/xi,a)∏m−1
i=1
∏
a,bΘp(q
−1
3 xi+1,b/xi,a) ·
∏
a,bΘp(q1x1,b/xm,a)
×
m∏
i=1
M∏
a=1
xM−2a+1i,a · ϑ(m)µ
( M∏
a=1
x1,a, . . . ,
M∏
a=1
xm,a;p
)
,
h∗µ,M(x1,1, . . . , x1,M , . . . , xm,1, . . . , xm,M ;p
∗)(4.17)
=
∏m
i=1
∏
a<bΘp∗(xi,b/xi,a, q2xi,b/xi,a)∏m−1
i=1
∏
a,bΘp∗(q
−1
3 xi+1,b/xi,a) ·
∏
a,bΘp∗(q1x1,b/xm,a)
×
m∏
i=1
M∏
a=1
xM−2a+1i,a · ϑ(m)µ
( M∏
a=1
x−11,a, . . . ,
M∏
a=1
x−1m,a;p
∗
)
.
We have the quasi-periodicity property
hµ,M(x1,1, . . . , pxi,a, . . . , xm,M ;p)
hµ,M(x1,1, . . . , xi,a, . . . , xm,M ;p)
= piq
M−2a+1+M(δi,m−δi,1)
2 ,
h∗µ,M(x1,1, . . . , p
∗xi,a, . . . , xm,M ;p
∗)
h∗µ,M(x1,1, . . . , xi,a, . . . , xm,M ;p
∗)
= (p∗i )
−1q
M−2a+1+M(δi,m−δi,1)
2 ,
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where pm := (p1 · · · pm−1)−1, p∗m := (p∗1 · · · p∗m−1)−1.
Proposition 4.1. [FJM] The integrals of motion Gµ,M(p), G
∗
µ,M(p
∗) are given by the following
multiple integrals.
Gµ,M(p) =
∫
· · ·
∫ m∏
i=1
M∏
a=1
dxi,a
2π
√−1 xi,a
y∏
1≤a≤M
F1(x1,a) · · ·
y∏
1≤a≤N
Fm(xm,a)
× hµ,M (x1,1, . . . , x1,M , . . . , xm,1, . . . , xm,M ;p) ,
G∗µ,M(p
∗) =
∫
· · ·
∫ m∏
i=1
M∏
a=1
dxi,a
2π
√−1 xi,a
x∏
1≤a≤M
Em(xm,a) · · ·
x∏
1≤a≤M
E1(x1,a)
× h∗µ,M (x1,1, . . . , x1,M , . . . , xm,1, . . . , xm,M ;p∗) ,
where Fm(z) = F0(z), Em(z) = E0(z). The integrals in Gµ,M (p) (resp. G
∗
µ,M(p
∗)) are taken to
be the unit circle |xi,a| = 1 when |q1|, |q3| < 1 (resp. |q1|, |q3| > 1), and by analytic continuation
in the general case. 
More details about the contours will be given in Subsection D.1.
Operators Gµ,M(p), G
∗
µ,M(p
∗) act on each subspace of fixed ‘weight’ m,
C[{ai,j−r} r>0,0≤i≤m−1
0≤j≤n−1
]⊗ |m〉 ⊂ Fm,n .
By construction they commute with each other,
[Gµ,M(p),Gν,N(p)] = [Gµ,M(p),G
∗
ν,N(p
∗)] = [G∗µ,M(p
∗),G∗ν,N(p
∗)] = 0 .
4.3. Duality. In a similar manner, we have the dual counterparts of integrals of motion
Gˇν,N(pˇ) =
∫
· · ·
∫ n∏
j=1
N∏
a=1
dyj,a
2π
√−1 yj,a
y∏
1≤a≤N
Fˇ1(y1,a) · · ·
y∏
1≤a≤N
Fˇn(yn,a)
× hˇν,N(y1,1, . . . , y1,N , . . . , yn,1, . . . , yn,N ; pˇ) ,
Gˇ∗ν,N(pˇ
∗) =
∫
· · ·
∫ n∏
j=1
N∏
a=1
dyj,a
2π
√−1 yj,a
x∏
1≤a≤N
Eˇn(yn,a) · · ·
x∏
1≤a≤N
Eˇ1(y1,a)
× hˇ∗ν,N(y1,1, . . . , y1,N , . . . , yn,1, . . . , yn,N ; pˇ∗) .
They depend on parameters pˇ = (pˇ, pˇ1, . . . , pˇn−1), pˇ
∗ = (pˇ∗, pˇ∗1, . . . , pˇ
∗
n−1) related to ¯ˇp, ¯ˇp1, . . . , ¯ˇpn−1
in the same way as in (4.12) (with m and n interchanged).
The following is the main result of this paper.
Theorem 4.2. Assume that the parameters q, q1, qˇ1, ui, uˇl are generic. Then we have
[Gµ,M(p), Gˇν,N(pˇ)] = [G
∗
µ,M(p
∗), Gˇν,N(pˇ)]
= [Gµ,M(p), Gˇ
∗
ν,N(pˇ
∗)] = [G∗µ,M(p
∗), Gˇ∗ν,N(pˇ
∗)] = 0
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for all µ ∈ Z/mZ, ν ∈ Z/nZ and M,N ≥ 1, provided
p¯i =
uˇi
uˇi−1
(1 ≤ i ≤ m− 1) ,(4.18)
¯ˇpl =
ul
ul−1
(1 ≤ l ≤ n− 1) .(4.19)

Proof of Theorem 4.2 is done by direct computation similar to the one in [FKSW], [KS]. We
collect the data necessary for the calculation in Appendix B, and indicate the main steps of
the proof in Appendix D.
Remark 4.3. When one of the components of p is zero, namely, p¯ = 0, see (4.12), (4.13), the
algebra of integrals of motion of Ek coincides with the Bethe algebra of the horizontal Uqĝlk
algebra. The subspace of the top degree in the Fock module F
(ν)
k (u; t, s) is preserved by the
horizontal algebra and as Uqĝlk module is isomorphic to evaluation module associated to the
ν-th fundamental representation of Uqglk. Thus Theorem 4.2 implies the duality of glm and gln
XXZ systems.
Appendix A. Quantum toroidal algebra Em
In this section we give the definition of the algebra Em = Em(q1, q2, q3). Although we take
m ≥ 2 in the main text, we include the definition for m = 1 for completeness.
Let P be a free Z module with basis εi, i ∈ Z/mZ, equipped with the inner product ( , ) :
P × P → Z such that εi are orthonormal. We set α¯i = εi−1 − εi.
Define further functions gi,j(z, w) by
m ≥ 3 : gi,j(z, w) =

z − q1w (i ≡ j − 1),
z − q2w (i ≡ j),
z − q3w (i ≡ j + 1),
z − w (i 6≡ j, j ± 1),
m = 2 : gi,j(z, w) =
{
z − q2w (i ≡ j),
(z − q1w)(z − q3w) (i 6≡ j),
m = 1 : g0,0(z, w) = (z − q1w)(z − q2w)(z − q3w),
and set di,j = d
∓1 (i ≡ j ∓ 1, m ≥ 3), = −1 (i 6≡ j,m = 2), = 1 (otherwise).
By definition, Em = Em(q1, q2, q3) is a unital associative algebra generated by Ei,k, Fi,k, Hi,r
and invertible elements qh, C, D, where i ∈ Z/mZ, k ∈ Z, r ∈ Z\{0}, h ∈ P . We write
Ki = q
α¯i. The defining relations are given in terms of generating series
Ei(z) =
∑
k∈Z
Ei,kz
−k, Fi(z) =
∑
k∈Z
Fi,kz
−k,(A.1)
K±i (z) = K
±1
i exp
(
±(q − q−1)
∑
r>0
Hi,±rz
∓r
)
.(A.2)
The relations are as follows.
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C,K relations
C is central, qhqh
′
= qh+h
′
(h, h′ ∈ P ) , q0 = 1 , Dqh = qhD ,
qhEi(z)q
−h = q(h,α¯i)Ei(z) , q
hFi(z)q
−h = q−(h,α¯i)Fi(z) (h ∈ P ) ,
DEi(z)D
−1 = Ei(qz) , DFi(z)D
−1 = Fi(qz) DK
±
i (z)D
−1 = K±i (qz) ,
H-E and H-F relations For r 6= 0,
[Hi,r, Ej(z)] = ai,j(r)C
−(r+|r|)/2 zrEj(z) ,
[Hi,r, Fj(z)] = −ai,j(r)C−(r−|r|)/2 zrFj(z) ,
[Hi,r, Hj,s] = δr+s,0 · ai,j(r) C
r − C−r
q − q−1 ,
where
ai,j(r) =
[r]
r
(
(qr + q−r)δ
(m)
i,j − drδ(m)i,j−1 − d−rδ(m)i,j+1
)
.
E-F relations
[Ei(z), Fj(w)] =
δi,j
q − q−1 (δ
(
C
w
z
)
K+i (w)− δ
(
C
z
w
)
K−i (z)) .
E-E and F -F relations
[Ei(z), Ej(w)] = 0 , [Fi(z), Fj(w)] = 0 (i 6≡ j, j ± 1) ,
di,jgi,j(z, w)Ei(z)Ej(w) + gj,i(w, z)Ej(w)Ei(z) = 0,
dj,igj,i(w, z)Fi(z)Fj(w) + gi,j(z, w)Fj(w)Fi(z) = 0.
We omit the Serre relations which are not used in this paper.
The currents Ei(z), Fi(z), i ∈ Z/mZ, together with D, generate a subalgebra Um ⊂ Em
isomorphic to the quantum affine algebra Uqĝlm. We call Um the vertical subalgebra.
The elements Ei,0, Fi,0, q
h, i ∈ Z/mZ, h ∈ P , also generate a subalgebra isomorphic to the
quantum affine algebra Uqĝlm which we call the horizontal subalgebra.
We use the following coproduct, which is opposite to the one used in [FJM]:
∆x = x⊗ x (x = qεi, C,D) ,
∆Ei(z) = Ei(C2z)⊗K−i (z) + 1⊗ Ei(z) ,
∆Fi(z) = Fi(z)⊗ 1 +K+i (z)⊗ Fi(C1z) ,
∆K+i (z) = K
+
i (z)⊗K+i (C1z) ,
∆K−i (z) = K
−
i (C2z)⊗K−i (z) .
Here C1 = C ⊗ 1 and C2 = 1⊗ C.
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Highest weight modules of Em are defined in terms of generators θ
−1(Ei(z)), θ
−1(Fi(z)),
θ−1(K±i (z)) obtained by applying Miki’s automorphism θ which interchanges the vertical and
horizontal subalgebras [Mi], see also [FJMM]. Let P = (P0(z), . . . , Pm−1(z)) ∈ C(z)m be an
m-tuple of rational functions which are regular at z±1 = ∞ and satisfy Pi(0)Pi(∞) = 1. An
Em module is a highest weight module of highest weight P if it is generated by a vector w
satisfying
θ−1(Ei(z))w = 0 (i = 0, 1, . . . , m− 1) ,
θ−1(K±i (z))w = Pi(z)w (i = 0, 1, . . . , m− 1) .
In the last line, Pi(z) stands for its expansion at z
±1 =∞.
The following formulas are used to calculate highest weights of level one modules:
θ−1
(
Hi,1
)
= −(−d)−i[[· · · [[· · · [F0,0, Fm−1,0]q · · · , Fi+1,0]q, F1,0]q · · ·Fi−1,0]q, Fi,0]q2 , (1 ≤ i ≤ m− 1)
θ−1
(
H0,1
)
= −(−d)−m+1[[· · · [F1,1, F2,0]q · · · , Fm−1,0]q, F0,−1]q2 ,
where m ≥ 2 and [X, Y ]p = XY − pY X .
Appendix B. Contractions
In this section we present normal ordering rules for various currents. Each current is a
product of an oscillator part and a zero mode part; for instance, the oscillator part of Ei,j(z)
is Ei,j(z)
osc
=: eA
i,j(z) : and the zero mode part is U i,j(z). We say that a product of operators
X(z)Y (w) has contraction f(z, w) if X(z)Y (w) = f(z, w) : X(z)Y (w) :. We compute the
contractions separately for the oscillator and the zero mode parts.
B.1. Contractions for Em.
Lemma B.1. Let 0 ≤ i, k ≤ m − 1, 0 ≤ j, l ≤ n − 1. The contractions of the oscillator part
of the non-dressed currents are given in Tables 1–4 below. In all other cases the contraction is
1. 
Table 1. Eij(z)
osc
Ekl(w)
osc
j < l j = l j > l
i ≡ k 1 (1− w/z)(1− q−12 w/z) (1− q−12 w/z)(1− q2w/z)−1
i+ 1 ≡ k 1 (1− q1w/z)−1 (1− q−13 w/z)(1− q1w/z)−1
i− 1 ≡ k 1 (1− q3w/z)−1 (1− q−11 w/z)(1− q3w/z)−1
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Table 2. F ij(z)
osc
F kl(w)
osc
j < l j = l j > l
i ≡ k 1 (1− w/z)(1− q2w/z) (1− q2w/z)(1− q−12 w/z)−1
i+ 1 ≡ k 1 (1− q−13 w/z)−1 (1− q1w/z)(1− q−13 w/z)−1
i− 1 ≡ k 1 (1− q−11 w/z)−1 (1− q3w/z)(1− q−13 w/z)−1
Table 3. Eij(z)
osc
F kl(w)
osc
j = l j 6= l
i ≡ k (1− q−n+2jw/z)−1(1− q−n+2j+2w/z)−1 1
i+ 1 ≡ k 1− q−n+2jq−13 w/z 1
i− 1 ≡ k 1− q−n+2jq−11 w/z 1
Table 4. F kl(w)
osc
Eij(z)
osc
j = l j 6= l
i ≡ k (1− qn−2jz/w)−1(1− qn−2j−2z/w)−1 1
i+ 1 ≡ k 1− qn−2jq3z/w 1
i− 1 ≡ k 1− qn−2jq1z/w 1
Lemma B.2. Let 0 ≤ i, k ≤ m− 1, 0 ≤ j, l ≤ n − 1. The contractions for the oscillator part
of the dressed currents are given by Tables 5–8 below. In Table 5 we use (z)∞ = (z; p
∗)∞ while
in Table 6 we use (z)∞ = (z; p)∞. 
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Table 5. Eij(z)
osc
Ekl(w)
osc
, (z)∞ = (z; p
∗)∞
j < l j = l j > l
i ≡ k (q2w/z)∞(q−12 w/z)−1∞ (1− w/z)(q2w/z)∞(p∗q−12 w/z)−1∞ (p∗q2w/z)∞(p∗q−12 w/z)−1∞
i+ 1 ≡ k (q1w/z)∞(q−13 w/z)−1∞ (p∗q1w/z)∞(q−13 w/z)−1∞ (p∗q1w/z)∞(p∗q−13 w/z)−1∞
i− 1 ≡ k (q3w/z)∞(q−11 w/z)−1∞ (p∗q3w/z)∞(q−11 w/z)−1∞ (p∗q3w/z)∞(p∗q−11 w/z)−1∞
Table 6. Fij(z)
osc
Fkl(w)
osc
, (z)∞ = (z; p)∞
j < l j = l j > l
i ≡ k (q−12 w/z)∞(q2w/z)−1∞ (1− w/z)(q−12 w/z)∞(pq2w/z)−1∞ (pq−12 w/z)∞(pq2w/z)−1∞
i+ 1 ≡ k (q−13 w/z)∞(q1w/z)−1∞ (pq−13 w/z)∞(q1w/z)−1∞ (pq−13 w/z)∞(pq1w/z)−1∞
i− 1 ≡ k (q−11 w/z)∞(q3w/z)−1∞ (pq−11 w/z)∞(q3w/z)−1∞ (pq−11 w/z)∞(pq3w/z)−1∞
Table 7. Eij(z)
osc
Fkl(w)
osc
j = l j 6= l
i ≡ k (1− q−n+2jw/z)−1(1− q−n+2j+2w/z)−1 1
i+ 1 ≡ k 1− q−n+2jq−13 w/z 1
i− 1 ≡ k 1− q−n+2jq−11 w/z 1
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Table 8. Fkl(w)
osc
Eij(z)
osc
j = l j 6= l
i ≡ k (1− qn−2jz/w)−1(1− qn−2j−2z/w)−1 1
i+ 1 ≡ k 1− qn−2jq3z/w 1
i− 1 ≡ k 1− qn−2jq1z/w 1
Lemma B.3. Set
a¯
(m)
i,k = −δ(m)i−1,k + 2δ(m)i,k − δ(m)i+1,k ,
p
(m)
i,k = ia¯
(m)
i,k +mδ
(m)
i,0 (δ
(m)
k,0 − δ(m)k,−1) .
The contractions of the zero mode part are given as follows.
U i,j(z)Uk,l(w) =: U i,j(z)Uk,l(w) :(B.1)
× (qn−j−1z)a¯(m)i,k δ(n)j,l d−(1/2)(δ(m)i−1,k−δ(m)i+1,k)−p(m)i,k (1−δ(n)j,l )q−θ(j<l) a¯(m)i,k ,
V i,j(z)V k,l(w) =: V i,j(z)V k,l(w) :(B.2)
× (qjz)a¯(m)i,k δ(n)j,l d−(1/2)(δ(m)i−1,k−δ(m)i+1,k)−p(m)i,k (1−δ(n)j,l )q−θ(j>l) a¯(m)i,k ,
U i,j(z)V k,l(w) =: U i,j(z)V k,l(w) :(B.3)
× (qn−j−1z)−a¯(m)i,k δ(n)j,l d(1/2)(δ(m)i−1,k−δ(m)i+1,k)+p(m)i,k (1−δ(n)j,l )qθ(j<l) a¯(m)i,k ,
V k,l(w)U i,j(z) =: V k,l(w)U i,j(z) :(B.4)
× (qlw)−a¯(m)i,k δ(n)j,l d−(1/2)(δ(m)i−1,k−δ(m)i+1,k)+p(m)k,i (1−δ(n)j,l )qθ(j<l) a¯(m)i,k .

B.2. Contractions between Em and Eˇn.
Lemma B.4. Let 0 ≤ i, k ≤ m− 1, 0 ≤ j, l ≤ n− 1. The contractions of the oscillator part of
the dressed currents with the dual ones are given by Tables 9–14 below. In all other cases the
contractions are 1. 
Table 9. Eij(z)
osc
Eˇkl(w)
osc
j ≡ l j ≡ l − 1
i ≡ k (1− qm−nqˇ−j3 qk3w/z)−1 1− qm−n−2qˇ−j−13 qk3w/z
i− 1 ≡ k 1− qm−n+2qˇ−j3 qk+13 w/z (1− qm−nqˇ−j−13 qk+13 w/z)−1
DUALITY IN THE QUANTUM TOROIDAL SETTING 19
Table 10. Eˇkl(w)
osc
Eij(z)
osc
j ≡ l j ≡ l − 1
i ≡ k (1− q−m+nqˇj3q−k3 z/w)−1 1− q−m+n+2qˇj+13 q−k3 z/w
i− 1 ≡ k 1− q−m+n−2qˇj3q−k−13 z/w (1− q−m+nqˇj+13 q−k−13 z/w)−1
Table 11. Fij(z)
osc
Fˇkl(w)osc
j ≡ l j ≡ l − 1
i ≡ k (1− qˇj1q−k1 w/z)−1 1− q2qˇj+11 q−k1 w/z
i− 1 ≡ k 1− q−2qˇj1q−k−11 w/z (1− qˇj+11 q−k−11 w/z)−1
Table 12. Fˇkl(w)oscFij(z)
osc
j ≡ l j ≡ l − 1
i ≡ k (1− qˇ−j1 qk1z/w)−1 1− q−2qˇ−j−11 qk1z/w
i− 1 ≡ k 1− q2qˇ−j1 qk+11 z/w (1− qˇ−j−11 qk+11 z/w)−1
Table 13. Eij(z)
osc
Fˇkl(w)
osc
j ≡ l j ≡ l − 1
i ≡ k 1− q−n+2qˇ−j3 q−k1 w/z (1− q−nqˇ−j−13 q−k1 w/z)−1
i− 1 ≡ k (1− q−nqˇ−j3 q−k−11 w/z)−1 1− q−n−2qˇ−j−13 q−k−11 w/z
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Table 14. Fˇkl(w)
osc
Eij(z)
osc
j ≡ l j ≡ l − 1
i ≡ k 1− qn−2qˇj3qk1z/w (1− qnqˇj+13 qk1z/w)−1
i− 1 ≡ k (1− qnqˇj3qk+11 z/w)−1 1− qn+2qˇj+13 qk+11 z/w
Lemma B.5. Let 0 ≤ i, k ≤ m− 1 and 0 ≤ j, l ≤ n− 1, and set
D
(m)
i,k = δ
(m)
i,k − δ(m)i−1,k , D(n)j,l = δ(n)j,l − δ(n)j,l−1 .(B.5)
The contractions of the zero mode part are given as follows.
U i,j(z)Uˇk,l(w) =: U i,j(z)Uˇk,l(w) :
× (qn−1−jz)−D(m)i,k D(n)j,l d(−kδ(m)i,k +(k+1)δ(m)i−1,k)D(n)j,l qD(m)i,k (δ(n)j,l−1−δ(n)0,l ) ,
Uˇk,l(w)U i,j(z) =: Uˇk,l(w)U i,j(z) :
× (qm−1−kw)−D(m)i,k D(n)j,l dˇD(m)i,k (−jδ(n)j,l +(j+1)δ(n)j,l−1)q(δ(m)i−1,k−δ(m)i,0 )D(n)j,l ,
V i,j(z)Vˇ k,l(w) =: V i,j(z)Vˇ k,l(w) :
× (qjz)−D(m)i,k D(n)j,l d(−kδ(m)i,k +(k+1)δ(m)i−1,k)D(n)j,l q−D(m)i,k (δ(n)j,l −δ(n)0,l ) ,
Vˇ k,l(w)V i,j(z) =: Vˇ k,l(w)V i,j(z) :
× (qkw)−D(m)i,k D(n)j,l dˇD(m)i,k (−jδ(n)j,l +(j+1)δ(n)j,l−1)q−(δ(m)i,k −δ(m)i,0 )D(n)j,l ,
U i,j(z)Vˇ k,l(w) =: U i,j(z)Vˇ k,l(w) :
× (qn−1−jz)D(m)i,k D(n)j,l d(kδ(m)i,k −(k+1)δ(m)i−1,k)D(n)j,l q−D(m)i,k (δ(n)j,l−1−δ(n)0,l ) ,
Vˇ k,l(w)U i,j(z) =: Vˇ k,l(w)U i,j(z) :
× (qkw)D(m)i,k D(n)j,l dˇD(m)i,k (jδ(n)j,l −(j+1)δ(n)j,l−1)q(δ(m)i,k −δ(m)i,0 )D(n)j,l .

The following Lemmas will be used in Section D. They can be proved by a straightforward
calculation using (2.4),(2.5) or the definition (3.6)–(3.9) and (3.14)–(3.17).
Lemma B.6. Assume that 1 ≤ i ≤ m− 1 and 1 ≤ l ≤ n− 1. Then we have
: Ei,l(z)Eˇi,l(w) : +q−2 : Ei,l−1(z)Eˇi−1,l(w) := 0 if w = q−m+nq−i3 qˇ
l
3z ,(B.6)
: F i,l(z)Fˇ i,l(w) : +q2 : F i,l−1(z)Fˇ i−1,l(w) := 0 if w = qi1qˇ
−l
1 z ,(B.7)
: Ei,l(z)Fˇ i−1,l(w) : +q−2 : Ei,l−1(z)Fˇ i,l(w) := 0 if w = qnqi1qˇ
l
3z .(B.8)

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Lemma B.7. Define
Ei,−1(z) = Ei,n−1(p∗z) dˇ−nq−ei−1+ei ,
Eˇ−1,l(z) = Eˇm−1,l(pˇ∗z) d−mq−eˇl−1+eˇl ,
Fi,−1(z) = Fi,n−1(pz) dˇ−nq−ei−1+ei ,
Fˇ−1,l(z) = Fˇm−1,l(pˇz) d−mq−eˇl−1+eˇl .
Then for 0 ≤ i ≤ m− 1, 0 ≤ l ≤ n− 1 we have
: Ei,l(z)Eˇi,l(w) : +q−2 : Ei,l−1(z)Eˇi−1,l(w) := 0 if w = q−m+nq−i3 qˇ
l
3z ,(B.9)
: Fi,l(z)Fˇi,l(w) : +q2 : Fi,l−1(z)Fˇi−1,l(w) := 0 if w = qi1qˇ
−l
1 z ,(B.10)
: Ei,l(z)Fˇi−1,l(w) : +q−2 : Ei,l−1(z)Fˇi,l(w) := 0 if w = qnqi1qˇ
l
3z .(B.11)

Appendix C. Proof of Theorem 3.6
In this section we prove Theorem 3.6. We begin with
Lemma C.1. Assume that 1 ≤ i ≤ m− 1, 1 ≤ l ≤ n− 1 and r 6= 0. Then
[bi,tr , Hˇt′,−r] = 0 , [Hs,r, bˇ
s′,l
−r ] = 0 (0 ≤ s, s′ ≤ m− 1, 0 ≤ t, t′ ≤ n− 1).
Proof. Suppose r > 0. Using (2.8) we compute
[Hs,r, bˇ
s′,l
−r ] = −
[r]2
r
qr
(
qr3δ
(m)
s−1,s′ − δ(m)s,s′
) n−1∑
j=0
(
qˇ
(j+1)r
1 δ
(n)
j,l−1 − qˇjr1 δ(n)j,l
)
= 0 ,
where we use 1 ≤ l ≤ n− 1. The other cases are similar. 
Lemma C.2. Assume that 1 ≤ i, k ≤ m − 1, 1 ≤ j, l ≤ n − 1. Then formulas for the
contractions in Tables 5–8 hold true if we replace Ei,j(z)
osc
, Fi,j(z)
osc
, Eˇk,l(w)
osc
, Fˇk,l(w)
osc
by
Ei,j(z)
osc
, F i,j(z)
osc
, Eˇk,l(w)
osc
, Fˇ k,l(w)
osc
, respectively.
Proof. By the definition we have
Ai,jr = A
i,j
r , A
i,j
−r = A
i,j
−r −
q − q−1
1− p∗ rHi,−r ,
Bi,jr = B
i,j
r +
q − q−1
1− pr Hi,r , B
i,j
−r = B
i,j
−r ,
and similarly for those with checks. Hence the assertion follows from Lemma C.1. 
From Lemma C.1 we obtain the commutativity
[Hi,r, Hˇl,r′] = 0 ,
[Hi,r, Eˇl(w)] = [Hi,r, Fˇl(w)] = 0 ,
[Ei(z), Hˇl,r] = [Fi(z), Hˇl,r] = 0
provided i, l 6= 0. To show Theorem 3.6 it remains to check the following.
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Lemma C.3. Assuming 1 ≤ i ≤ m− 1, 1 ≤ l ≤ n− 1 we have
[Ei(z), Eˇl(w)] = 0 , [Fi(z), Fˇl(w)] = 0 ,
[Ei(z), Fˇl(w)] = 0 , [Eˇi(z), Fl(w)] = 0 .
Proof. Lemma B.1 and Lemma B.5 allow us to compute the commutators of Ei,j(z), F i,j(z)
with Eˇk,l(w), Fˇ k,l(w). In each case only two terms survive, with the result
[Ei,j(z), Eˇk,l(w)] = δ
(
qm−nqi3qˇ
−l
3
w
z
)
(qm−1−idˇ lw)−1(C.1)
×
(
δi,kδj,l : E
i,l(z)Eˇi,l(w) : +δi−1,kδj,l−1q
−2 : Ei,l−1(z)Eˇi−1,l(w) :
)
,
[F i,j(z), Fˇ k,l(w)] = δ
(
q−i1 qˇ
l
1
w
z
)
(qi−1dˇ lw)−1(C.2)
×
(
q−2δi,kδj,l : F
i,l(z)Fˇ i,l(w) : +δi−1,kδj,l−1 : F
i,l−1(z)Fˇ i−1,l(w) :
)
,
[Ei,j(z), Fˇ k,l(w)] = δ
(
q−nq−i1 qˇ
−l
3
w
z
)
(qi−1dˇ lw)−1(C.3)
×
(
δi−1,kδj,l : E
i,l(z)Fˇ i−1,l(w) : +q−2δi,kδj,l−1 : E
i,l−1(z)Fˇ i,l(w) :
)
.
Using Lemma B.6 and summing over j, k, we obtain the desired equalities. 
Appendix D. Commutativity of Gµ,M(p) and Gˇν,N(pˇ)
In this section we prove Theorem 4.2. Since the working is all very similar, we illustrate the
proof for the simplest integrals of motion of the first kind, namely
Gµ,1(p) =
∫
· · ·
∫
C
m∏
s=1
dxs
2π
√−1 xs
F1(x1) · · ·Fm(xm) hµ,1(x1, . . . , xm;p) ,
Gˇν,1(pˇ) =
∫
· · ·
∫
Cˇ
n∏
t=1
dyt
2π
√−1 yt
Fˇ1(y1) . . . Fˇn(yn) hˇν,1(y1, . . . , yn; pˇ) .
D.1. Contours. The integration cycles C, Cˇ are specified as follows.
For Gµ,1(p), the poles of the integrand come from the denominators of hµ,1(x1, . . . , xm;p)
given in (4.16), as well as from the contractions given in Table 6. Altogether the integrand
takes the form
F1(x1) · · ·Fm(xm) hµ,1(x1, . . . , xm;p)
=
∑
j1,...,jm
: F1,j1(x1) · · ·Fm,jm(xm) : ϕj1,...,jm(x1, . . . , xm)∏m
j=1(q1xj+1/xj, q3xj/xj+1; p)∞
with some holomorphic function ϕj1,...,jm(x1, . . . , xm). Here we set x0 = xm and xm+1 = x1. For
each i, the poles with respect to the variable xi consist of two groups,
pkq3xi−1 , p
kq1xi+1 (k ≥ 0) ,
p−kq−11 xi−1 , p
−kq−13 xi+1 , (k ≥ 0) .
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The cycle C is such that xi encircles the first group separating it from the second, see Figure
2 below:
• •pq3xi−1 q3xi−1
• •q
−1
1 xi−1 p
−1q−11 xi−1
• •
pq1xi+1 q1xi+1
• •
q−13 xi+1 p
−1q−13 xi+1
xi
Figure 2. The contour in the xi plane.
Similarly, Cˇ is such that yl encircles pˇ
kqˇ3yl−1, pˇ
kqˇ1yl+1 keeping pˇ
−kqˇ−11 yl−1, pˇ
−kqˇ−13 yl+1 outside
for all k ≥ 0, where y0 = yn and yn+1 = y1.
D.2. Commutators. First we note the following relations of formal series, which follow from
Lemma B.4 and Lemma B.5.
Lemma D.1. (1) If i ≡ k mod m and j ≡ l mod n, then
Ei,j(z)Eˇk,l(w)− qδ(m)i,0 −δ(n)0,l Eˇk,l(w)Ei,j(z) =: Ei,j(z)Eˇk,l(w) :
× δ
(
qm−nqk3 qˇ
−j
3
w
z
)(
qn−1−jz
)−1
d−kq−δ
(n)
0,l ,
Fi,j(z)Fˇk,l(w)− q−δ(m)i,0 +δ(n)0,l Fˇk,l(w)Fi,j(z) =: Fi,j(z)Fˇk,l(w) :
× δ
(
q−k1 qˇ
j
1
w
z
)(
qjz
)−1
d−kq−1+δ
(n)
0,l .
(2) If i− 1 ≡ k mod m and j ≡ l − 1 mod n, then
Ei,j(z)Eˇk,l(w)− q−δ(m)i,0 +δ(n)0,l Eˇk,l(w)Ei,j(z) =: Ei,j(z)Eˇk,l(w) :
× δ
(
qm−nqk+13 qˇ
−j−1
3
w
z
)(
qn−1−jz
)−1
d−k−1q−1+δ
(n)
0,l ,
Fi,j(z)Fˇk,l(w)− qδ(m)i,0 −δ(n)0,l Fˇk,l(w)Fi,j(z) =: Fi,j(z)Fˇk,l(w) :
× δ
(
q−k−11 qˇ
j+1
1
w
z
)(
qjz
)−1
d−k−1q−δ
(n)
0,l .
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(3) If i ≡ k mod m and j ≡ l − 1 mod n, then
Ei,j(z)Fˇk,l(w)− q−δ(m)i,0 +δ(n)0,l Fˇk,l(w)Ei,j(z) =: Ei,j(z)Fˇk,l(w) :
× δ
(
qnqk1 qˇ
j+1
3
z
w
)(
qn−1−jz
)−1
d−kq−1+δ
(n)
0,l ,
and if i− 1 ≡ k mod m and j ≡ l mod n, then
Ei,j(z)Fˇk,l(w)− qδ(m)i,0 −δ(n)0,l Fˇk,l(w)Ei,j(z) =: Ei,j(z)Fˇk,l(w) :
× δ
(
qnqk+11 qˇ
j
3
z
w
)(
qn−1−jz
)−1
d−k−1q−δ
(n)
0,l .
(4) In all cases other than those given above, we have
Ei,j(z)Eˇk,l(w) = Eˇk,l(w)Ei,j(z)× q−D(m)i,k δ(n)0,l +D(n)j,l δ(m)i,0 ,
Fi,j(z)Fˇk,l(w) = Fˇk,l(w)Fi,j(z)× qD(m)i,k δ(n)0,l −D(n)j,l δ(m)i,0 ,
Ei,j(z)Fˇk,l(w) = Fˇk,l(w)Ei,j(z)× qD(m)i,k δ(n)0,l +D(n)j,l δ(m)i,0 .
We recall that D
(m)
i,k , D
(n)
j,l are given in (B.5).
Our task is to check the vanishing of the commutator
[Gµ,1(p), Gˇν,1(pˇ)] =
∫
· · ·
∫
C
m∏
s=1
dxs
2π
√−1xs
∫
· · ·
∫
Cˇ
n∏
t=1
dyt
2π
√−1yt
× [F1(x1) · · ·Fm(xm), Fˇ1(y1) . . . Fˇn(yn)]hµ,1(x1, . . . , xm;p)hˇν,1(y1, . . . , yn; pˇ)
in the sense of matrix elements.
We begin by rewriting
[F1(x1) · · ·Fm(xm), Fˇ1(y1) . . . Fˇn(yn)]
=
∑
0≤j1,...,jm≤n−1
∑
0≤k1,...,kn≤m−1
ujmuˇkn[F
1,j1
1 (x1) · · ·Fm,jmm (xm), Fˇk1,11 (y1) . . . Fˇkn,nn (yn)] .
For j = (j1, . . . , jm), k = (k1, . . . , kn), let ca,b(j,k) = D
(m)
a,kb
δ
(n)
0,b −D(n)ja,bδ
(m)
a,0 . Pushing F
m,jm
m (xm)
through to the right, we obtain
Fm,jm(xm) ·
y∏
1≤t≤n
Fˇkt,t(yt)
=
n∑
l=1
q
∑l−1
b=1 cm,b(j,k)
y∏
1≤t≤l−1
Fˇkt,t(yt) · [Fm,jm(xm), Fˇkl,l(yl)]qcm,l(j,k) ·
y∏
l+1≤t≤n
Fˇkt,t(yt)
+ qD
(m)
m,kn
y∏
1≤t≤n
Fˇkt,t(yt) · Fm,jm(xm) ,
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where we use
∑n
b=1 ca,b(j,k) = D
(m)
a,kn
. Continuing the same way and noting that
∑m
a=1D
(m)
a,kn
= 0,
we arrive at
[F1(x1) · · ·Fm(xm), Fˇ1(y1) . . . Fˇn(yn)]
=
∑
0≤j1,...,jm≤n−1
∑
0≤k1,...,kn≤m−1
ujmuˇkn
m∑
i=1
n∑
l=1
q
∑l−1
b=1 ci,b(j,k)+
∑m
a=i+1D
(m)
a,kn
×
y∏
1≤s≤i−1
Fs,js(xs)
y∏
1≤t≤l−1
Fˇkt,t(yt) · [Fi,ji(xi), Fˇkl,l(yl)]qci,l(j,k) ·
y∏
l+1≤t≤n
Fˇkt,t(yt)
y∏
i+1≤s≤m
Fs,js(xs) .
By Lemma D.1, the factor [Fi,ji(xi), Fˇ
kl,l(yl)]qci,l(j,k) is a sum of two terms containing delta
functions. By the same argument as in the proof of Lemma C.3, these terms cancel out under
the integral if 1 ≤ i ≤ m− 1 and 1 ≤ l ≤ n− 1. It remains to consider the three cases
(i) 1 ≤ i ≤ m− 1, l = n
(ii) i = m, 1 ≤ l ≤ n− 1
(iii) i = m, l = n
D.3. Commutativity of Gµ,1 and Gˇν,1. We now consider the case (i) in some detail. By
Lemma C.3, non-trivial contributions arise only from terms with (ji, kl) = (0, i), (n− 1, i− 1).
Apart from a common factor, they give a sum I + II with
I =uˇiδ
(
q−i1 yn/xi
)
x−1i : F
i,0(xi)Fˇ
i,0(qi1xi) : q
−1 ,
II =uˇi−1δ
(
q−i1 pyn/xi
)
q−nx−1i : F
i,n−1(xi)Fˇ
i−1,0(p−1qi1xi) : q
δi,1 .
The powers q−1, qδi,1 are due to q
∑m
a=i+1D
(m)
a,kn .
Let us examine the pole structure of the term I. With respect to yn, the product F
i,0(xi)Fˇ
i,0(yn)
has a pole at qi1xi which corresponds to the delta function. In addition, there is another pole
at yn = p
−1qi+11 xi+1 coming from the contraction of Fˇ
i,0(yn)F
i+1,n−1(xi+1). Upon taking the
residue at yn = q
i
1xi, a new pole p
−1qixi+1 is produced with respect to xi. This pole must
be inside the contour of the xi integral because analytic continuation is made from the region
|yn| ≫ |xi+1|. The pole xi = q−13 xi+1 comes only from the contraction of Fi,0(xi)Fi+1,0(xi+1).
On the other hand, the contraction of Fˇi,0(yn)F
i+1,0(xi+1) gives 1−q2qi+11 xi+1/yn, which cancels
the pole xi = q
−1
3 xi+1 after the residue is taken in yn. The situation is summarized in Figure 3.
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• •pq3xi−1 q3xi−1
• •q
−1
1 xi−1 p
−1q−11 xi−1
• • ⋆
pq1xi+1 q1xi+1 p−1q1xi+1
◦ • •
q−13 xi+1 p
−1q−13 xi+1 p
−2q−13 xi+1
xi
Figure 3. The pole q−13 xi+1 (shown by an open circle) is canceled and the pole
p−1q1xi+1 (shown by an asterisk) is created.
Consider similarly the product Fi,n−1(xi)Fˇ
i−1,0(yn) corresponding to II. Poles in yn occur
at yn = p
−1qi1xi, which corresponds to the delta function, and at yn = q
i−1
1 xi−1 which comes
from Fi−1,0(xi−1)Fˇ
i−1,0(yn). Upon integration the latter produces a pole at xi = pq
−1
1 xi−1,
which should be taken outside the contour of xi integral. The pole at xi = q3xi−1 comes
only from Fi−1,n−1(xi−1)F
i,n−1(xi). After yn integration it is canceled by the contraction factor
1− q2qˇn1 q−i+11 yn/xi−1 coming from Fi−1,n−1(xi−1)Fˇi,0(yn). See Figure 4.
• ◦pq3xi−1 q3xi−1
⋆ • •pq
−1
1 xi−1 q
−1
1 xi−1 p
−1q−11 xi−1
• •
pq1xi+1 q1xi+1
• • •
q−13 xi+1 p
−1q−13 xi+1 p
−2q−13 xi+1
xi
Figure 4. The contour in the xi plane. The pole q3xi−1 (shown by an open
circle) is canceled and the pole pq−11 xi−1 (shown by an asterisk) is created.
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After taking the residue in yn, we perform the shift xi → pxi in the term II. From Figure 3
and Figure 4 the resulting contours become the same.
In view of the identity (B.10), the term I becomes
−uˇix−1i dˇ−nq : Fi,n−1(pxi)Fˇi−1,0(qi1xi) : q−εi−1+εi .
After the shift, the term II becomes
uˇi−1x
−1
i q
−n+δi,1p−1 : Fi,n−1(pxi)Fˇ
i−1,0(qi1xi) : .
In addition, the quasi-periodicity (4.10) of hµ,1 give rise to a factor piq
−δi,1
2 = p¯iq
−2δi,1q−εi−1+εi,
which we bring to the position next to Fi,n−1(pxi)Fˇ
i−1,0(yn) noting
y∏
i+1≤s≤m
Fs,js(xs) · pi = q1+δi,1 × pi
y∏
i+1≤s≤m
Fs,js(xs) .
Putting all these together, we conclude that the two terms cancel provided p¯iuˇi−1 = uˇi.
In a similar manner, we can show that the vanishing holds in the case (ii) of Subsection D.2
provided ¯ˇplul−1 = ul. In the case (iii) the condition for vanishing becomes p¯muˇm−1 = uˇ0 and
¯ˇpnun−1 = u0, which is consistent.
We repeat essentially the same computation for general M,N , and for integrals of motion of
both kinds. We omit further details.
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